We calculate the weak decay form factors of doubly-heavy baryons using three-point QCD sum rules. The Cutkosky rules are used to derive the double dispersion relations. We include perturbative contributions and condensation contributions up to dimension five, and point out that the perturbative contributions and condensates with lowest dimensions dominate.
I. INTRODUCTION
Though quark model has achieved many brilliant successes in hadron spectroscopy, not all predicted particles, even in ground-state, in the quark model have been experimentally established so far. These states include doubly-heavy baryons and triply-heavy baryons. In 2017, the LHCb collaboration has reported the first observation of doubly-charmed baryon Ξ ++ cc with the mass [1] m Ξ ++ cc = (3621.40 ± 0.72 ± 0.27 ± 0.14) MeV (1) in the Λ + c K − π + π + final state. Soon afterwards new results on Ξ ++ cc were released by LHCb, including the first measurement of its lifetime [2] and the observation of a new decay mode Ξ ++ cc → Ξ + c π + [3] . On experimental side, more investigations on Ξ ++ cc and searches for other doubly-heavy baryons are certainly demanded to achieve a better understanding [4, 5] . Meanwhile these observations have triggered many theoretical studies on various properties of doubly-heavy baryons , most of which have been focused on the spectrum, production and decay properties.
In a previous work [6] , we have performed an analysis of decay form factors of doubly-heavy baryons in a light-front quark model (LFQM). In this light-front study, the diquark picture is adopted, where the two spectator quarks are treated as a bounded system. This approximation can greatly simplify the calculation and many useful phenomenological results are obtained [28, 33] . But meanwhile this diquark approximation introduces uncontrollable systematic uncertainties since the dynamics in the diquark system has been smeared. In this work, we will remedy this shortcoming and perform an analysis of transition form factors using QCD sum rules (QCDSR). Some earlier attempts basing on non-relativistic QCD (NRQCD) sum rules can be found in Refs. [43] [44] [45] . It is necessary to note that since the decay final state contains only one heavy quark, NRQCD should not be applicable unless the strange quark is also treated as a heavy quark. In the literature the QCDSR framework has also been used to calculate masses and the pole residues of doubly heavy baryons in a number of references (see for instance [18, [46] [47] [48] [49] ). So it is desirable to calculate the decay form factors within the same framework, which is the motif of this work.
In our analysis, the doubly heavy baryons include Ξ cc (ccq), Ω cc (ccs), Ξ bb (bbq), Ω bb (bbs), and Ξ bc (bcq), Ω bc (bcs), with q = u, d. The Ξ QQ ′ and Ω QQ ′ can form a flavor SU(3) triplet. It should be noted that the two heavy quarks in Ξ bc and Ω bc are symmetric in the flavor space. The antisymmetric case that presumably will decay via strong or electromagnetic interactions are not considered in this work. Quantum numbers of doubly heavy baryons can be found in Table I . To be more explicit, the transitions of doubly heavy baryons can be classified as follows:
• The cc sector
FIG. 2:
Feynman diagram for semileptonic decays. The leptonic amplitude can be calculated using perturbation theory, while hadronic matrix elements can be parametrized into form factors.
• The bb sector
• The bc sector with c quark decay
• The bc sector with b quark decay
In the above, both SU(3) anti-triplet and sextet final states are taken into account. However, the b → c transition will not be considered in this work, and is left for future.
The rest of this paper is arranged as follows. In Sec. II, the transition form factors are calculated in QCDSR, where the perturbative contribution, quark condensates, quark-gluon condensates are calculated and an estimate of part of gluon-gluon condensates is presented. Numerical results for form factors are presented in Sec. III, which are subsequently used to perform the phenomenological studies in Sec. IV. A brief summary of this work and the prospect for the future are given in the last section. Some calculation details are collected in the appendix.
II. TRANSITION FORM FACTORS IN QCD SUM RULES A. Form Factors
We show the Feynman diagram for semileptonic decays of doubly-heavy baryons in Fig. 2 . The leptonic amplitude in this transition can be calculated using electro-weak perturbation theory, while the hadronic matrix elements can be parametrized into transition form factors:
The correlation function can be calculated at both hadron and QCD level. At hadron level, one can insert complete sets of the initial and final hadronic states into the correlation, such that the correlation function can be written as
Here the ellipses stand for the contribution from higher resonances and continuum spectra which can be written in a double dispersion form:
while M 1(2) denotes the mass of the initial (final) baryon and s 0 1,2 are two threshold parameters. To arrive at Eqs. (8) and (9), we have adopted the definition of the "decay constant" (or the pole residue ) of baryon:
At the QCD level, the correlation function can be evaluated using the operator product expansion (OPE), and expanded as a power of matrix elements of local operators in the deep Euclidean momentum region. This expansion is organized by the inverse of mass dimensions. The identity operator corresponds to the so-called perturbative term and higher dimensional operators are called the condensate terms. A detailed calculation of these contributions will be presented in the following subsections, including the perturbative contribution (dim-0), the quark condensate contribution (dim-3) and the mixed quark-gluon condensate contribution (dim-5). For practical use, it is convenient to express the correlation function as a double dispersion relation
with ρ V,QCD µ (s 1 , s 2 , q 2 ) being the spectral function.
Quark-hadron duality guarantees that results for correlation functions derived at hadron level and QCD level are equivalent. In particular, it is plausible to identify the spectral functions above threshold at the hadron level and QCD level. This allows one to extract the form factors given in Eq. (2):
In practice Borel transformation are usually adopted to improve the convergence in the quarkhadron duality and suppress the higher resonance and continuum contributions:
with T 2 1 and T 2 2 being the Borel mass parameters. A subtlety in the calculation is as follows. As can be seen from Eq. (8) or (9) , there are 12
Dirac structures for the correlation function at the hadron level:
for the vector current, and
for the axial-vector current. Results at QCD level should match these 12 Dirac structures, and thus for each form factor in Eq. (8) or (9), four Dirac structures can be used and they may give different results. Accordingly systematic uncertainties will be unavoidably introduced. This problem will be further discussed in Sec. III.
To be explicit, the expansion of correlation function takes the form:
where e iµ 's denote the 12 Dirac structures in Eq. (15) or (16) , and the coefficients A i 's are Lorentz scalars that can be used to derive 12 linear equations:
Solving the above equations one can extract the coefficients A i and the corresponding form factors.
In the following, we will use the vector-current form factors for doubly-heavy baryon into a SU(3) sextet baryon as the example to illustrate our calculation. Results for other transitions can be obtained in a similar manner.
C. The perturbative contribution
The perturbative contribution is derived by computing the coefficient of the identity operator in OPE. The corresponding Feynman diagram is shown in Fig. 3 . The doubly-solid line denotes a heavy bottom/charm quark, and the ordinary solid line corresponds to a light quark. Its contribution is given as
The perturbative contribution to transition form factors. The doubly-solid line denotes a heavy quark, and the ordinary solid line corresponds to a light quark.
where the factor 6 comes from the color contraction ǫ abc ǫ abc , the factor 2 √ 2 comes from the contraction of quark fields and the normalization factors of the baryon currents. The numerator of the integrand in Eq. (19) is:
The correlation function can be expressed in terms of a double dispersion integration:
Here the spectral function ρ V,pert µ (s 1 , s 2 , q 2 ) is proportional to the discontinuity of the correlation function. According to the Cutkosky rule, the spectral function can be obtained by setting all propagator onshell: 
where the condensate term is defined as q i aq j b = (/12)δ ab δ ij , and the numerator is:
According to the Cutkosky rule, the spectral function can now be evaluated as:
where the integral △ is slightly different from that in Eq. (24) , with m 2 23 replaced by m 2 2 . The diagram (b) has the amplitude:
One can see that the denominator is independent of p 2 1 , and thereby the corresponding double discontinuity must vanish. As a result, the quark condensate contribution only comes from Fig. (4a) .
E. Mixed quark-gluon condensate contribution
The quark-gluon condensate operatorqg s Gq has dimension 5 in OPE. There are three Feynman diagrams for mixed quark-gluon condensate contribution, as shown in Fig. 5 . They request the propagator at different space coordinates, and we use background field approach to derive these propagators. In this approach, the propagating quark interacts with the background gluon field.
The quark propagator with one gluon and two gluons attached (Fig. 6 ) have the following form:
Quark propagators in the QCD vaccum. x and y are spacetime coordinates, i and j are color indices, and p i , k and k i are momenta.
In the fixed-point gauge, the background gluon field expanded to the lowest order (in the momentum
Thus a propagating quark can exchange arbitrary numbers of zero momentum gluon with the QCD vacuum. It should be noted that the fixed-point gauge violates the spacetime translation invariance.
As a result, the S(x, y) is not the same with S(x − y, 0). In the cases of quark-gluon condensate contribution as well as gluon-gluon condensate contribution to be discussed in the following, the following formulas will be used:
where u stands for the momentum of the soft gluon, and f (u) is an arbitrary function of u.
In Fig (5a) , the upper left heavy quark interacts with a background gluon field, which condensates with the two light quark fields. Its contribution is given as:
.
One of the gluon-gluon condensate diagrams.
The condensate term is defined as q i a g s G c µνq j b = −(1/192) qg s σGq (σ µν ) ij T c ab , and the numerator is:
Here the 1/(k 2 1 − m 2 1 ) 3 can be handled in a derivative method:
Then the spectral function can be derived by using Cutkosky rule before applying the mass derivative:
The the integral △ is slightly different from that in Eq. (27) , with m 2 1 replaced by m 1s . The other two diagrams in Fig. 5 can be calculated similarly.
F. Gluon-gluon condensate contribution
In the case of the dim-4 operator GG in the OPE, i.e. the gluon-gluon condensate, two background gluon fields interact with the four quark propagators. There are 10 corresponding diagrams in total. In Fig. 7 , one example is shown.
The contribution from Fig. 7 is:
In the Appendix, the explicit expressions for the gluon-gluon condensate in Fig. 7 is given. Its numerical results will be discussed in Sec. III.
III. NUMERICAL RESULTS
The input parameters used in our numerical calculation are taken as [50] [51] [52] [53] Data Group [52, 53] . Table III collects the theoretical predictions of singly heavy baryon "decay constants" (pole residues) [59, 60] as well as their masses from experimental data. The factor √ 2 in Table III arises from the convention difference in the baryon current definitions [18, 59, 60] . For doubly-heavy baryons, we have updated the pole residues compared to Ref. [18] to have a consistent description of form factors.
In our calculation, we employ two phenomenological results from Ref. [61] to simplify the choice of Borel mass parameters. First, the Borel parameter T 2 1 is taken twice as large as that used in the corresponding two-point function, and secondly the Borel parameter T 2 2 can be determined by the following equation [61] :
where M 1 (2) is the mass of the initial (final) baryon and m [59, 60] , while for doubly-heavy baryons, the results are updated compared to Ref. [18] with the new inputs: m b = 4.7 ± 0.1 GeV, m s = 0.14 ± 0.01 GeV, Numerical results for the form factors are given in Tables IV, V , and VI for doubly-heavy baryons with two charm quarks, two bottom quarks and the bc quarks. In QCDSR, the OPE is applicable in the deep Euclidean region, where q 2 ≪ 0. In this work, we directly calculate the form factors in the region −1 < q 2 < 0 GeV 2 for charm quark decay, and −10 < q 2 < 0 GeV 2 for b quark decay. In order to access the q 2 distribution in the full kinematic region, the form factors are extrapolated with a parametrization. By default, we adopt the double-pole parameterization:
For some form factors g , g
, the fitted results for m 2 fit are negative for which we modify the parametrization: 
13.0 ± 2.9 1.29 ± 0.12 0.20 ± 0.19 
0.36 ± 0.06 3.56 ± 0.12 0.43 ± 0.04 g 0.47 ± 0.07 3.54 ± 0.14 0.46 ± 0.03 We will not extrapolate the results when the absolute values are tiny or the form factors show a weak q 2 -dependence.
A few remarks are given in order.
• As discussed in the previous section, there are 12 Dirac structures in the extraction of f 1,2,3 :
and thus there are 4 choices to extract one form factor. For instance, 4 Dirac structures { / p 2 , M 2 } × {γ µ } × { / p 1 , M 1 } can be used to calculate the f 1 . In principle they should give the same results, but in practice sizable differences exist in these choices. We choose the one with the criterion: the perturbative contribution and quark condensate are relatively large. Accordingly, if the final state contain SU(3) sextet, 3 Dirac structures will be used: 
The explicit expressions for these structures can be found in the Appendix.
• We have also calculated the contribution from part of the gluon-gluon condensates, and make a comparison in Table VII . The Ξ ++ cc → Σ + c is chosen as the example, and the contribution from the diagram in Fig. 7 is calculated. From Table VII, one can see that the gluongluon condensate terms in Fig. 7 are relatively small compared to the sum of perturbative contributions and quark condensates. We intend to perform a more comprehensive analysis by including all contributions from gluon-gluon condensate in future.
• For the form factors g i 's, the Dirac structures can be similarly chosen except with an additional γ 5 . Actually, in the massless limit m ′ 1 → 0 and m 3 → 0, the following relations hold:
Here f dim-0 1 stands for the contribution from dim-0 for f 1 , and so forth. • Errors in form factors arise from those in quark masses, Borel parameter T 2 1 , the thresholds s 0 1 and s 0 2 , condensate parameters and masses of the initial baryons. Since errors in "decay constants" and form factors are correlated, we have updated all results for "decay constants"
with the same sets of input parameters.
• We have also adopted the z-series expansion to parameterize the form factors [62] . Though not much differences are found for the form factors, we found the fitted parameters seem too large compared to the dipole parametrization in Eq. (36) and Eq. (37).
• In Table IV , the Ξ cc → Σ c stands for the Ξ ++ cc → Σ + c transition. A factor √ 2 should be added for the Ξ + cc → Σ 0 c transition. This is consistent with the analysis based on the flavor SU(3) symmetry [8] .
A comparison between this work and other works in the literature can be found in Tables VIII   and IX There are two further comments:
• There exists a sign difference in the convention of wave-functions of anti-triplet final baryons.
For example, in this work, the interpolating current for Λ c is used as (1/ √ 2)(ud− du)c, while in Ref. [6] , the flavor-spin wavefunction of Λ c is (1/ √ 2)(du − ud)c for the c → d process.
However this will not affect our predictions on physical observables.
• Definitions of form factors also have different conventions. Compared to our convention in Eq. (2), there exist a minus sign for f 2 and g 2 in Ref. [63, 64] . 
IV. PHENOMENOLOGICAL APPLICATIONS
In this section, results for form factors will be applied to calculate the partial widths of semileptonic decays and factorizable non-leptonic decays.
A. Semi-leptonic decays
The effective Hamiltonian for the semi-leptonic process reads
where G F is Fermi constant and V cs,cd,ub are Cabibbo-Kobayashi-Maskawa (CKM) matrix elements.
The helicity amplitudes will be used in the calculation and for the vector current and the axial-vector current, they are given as follows:
where
is the mass of the initial (final) baryon. The amplitudes for negative helicity are given by
where λ 2 and λ W denote the polarizations of the final baryon and the intermediate W boson, respectively. Then the helicity amplitudes for the V − A current are obtained as
Decay widths for B 1 → B 2 lν with the longitudinally and transversely polarized lν pair are evaluated as
is the magnitude of three-momentum of B 2 in the rest frame of B 1 . Integrating out the squared momentum transfer q 2 , we obtain the total decay width:
The Fermi constant and CKM matrix elements are taken from Particle Data Group [52, 53] :
|V ud | = 0.974, |V us | = 0.225, |V ub | = 0.00357,
The lifetimes of the doubly heavy baryons are given in Table II . The integrated partial decay widths, ratios of Γ L /Γ T and the corresponding branching fractions are calculated and results are given in Tables X, XI , and XII respectively. A comparison of our results with the ones in the literature is presented in Table XIII. A few remarks are given in order.
• The c → s induced channels like Ξ ++ cc → Ξ + c l + ν l have a large branching fraction, typically at a few percent level. This is comparable with the branching ratio of semileptonic D decays [52, 53] . Table II . Here l = e/µ. 
• Dominant errors in decay widths come from those in form factors.
• Compared to Ref. [6] , we have explicitly included the form factor f 3 , g 3 .
• In the flavor SU(3) limit, there exists the following relation for the charm quark decay widths: 
2) × 10 −13 (3.9 ± 0.6) × 10 −2 9.9 ± 5.5 The results are compared with those from the light-front quark model (LFQM) [6] , the heavy quark spin symmetry (HQSS) [65] , the nonrelativistic quark model (NRQM) and the MIT bag model (MBM) [63] . 
For the bottom quark decay, the relations for decay widths are given as: Table II .
Based on the results in Table X , XI, and XII, we find that the SU(3) relations for channels
involving Ω cc and Ω bc are significantly broken. This is understandable since the SU (3) symmetry breaking effects in the charmed meson decays are also sizable [52, 53] .
• It can be seen from 
B. Non-leptonic decays
For two-body non-leptonic decays, we only consider the current-current operator induced channels, which are mostly factorizable 1 . The effective Hamiltonian for the c quark decay is given as,
The the effective Hamiltonian for other cases are similar. Decay 
amplitudes for B 1 → B 2 M can be written as
with ǫ µ being the polarization vector of the final vector or axial-vector mesons. M 1 (M 2 ) is the mass of the initial (final) baryon and m is the mass of the emitted meson. When factorization holds, the above decay amplitudes could be decomposed into products of decay constants and form factors:
Here λ =
07 [66] . For the decays with an axial vector meson, the formulas in Eq. (50) are obtained with the replacement of f V by −f A . Decay 
constants are defined as
and their numerical values are used as [67] [68] [69] :
The decay widths for the B 1 → B 2 P and B 1 → B 2 V are then given as 
Here p is the magnitude of the three-momentum of the final-state particles in the rest frame of initial state, E (E 2 ) is the energy of final-state meson (baryon), and
The partial decay widths and branching ratios for the two-body non-leptonic decays of doubly heavy baryons are given in Tables XIV, XV, XVI and XVII. In Table XVIII , these results are also compared with those in the literature.
Some remarks are given in order.
• Errors in the decay widths come from those in the form factors.
• Compared to the light-front analysis in Ref. [6] , we have explicitly included the contributions from f 3 and g 3 in this work.
• A benchmark result for doubly-charmed baryon decays is the branching ratio of Ξ ++ cc → Ξ + c π + . Our prediction is (3.1 ± 0.4)%, smaller than the previous result, and we hope the LHCb measurement can clarify this issue. This would be very valuable for theoretical analysis in future.
• It can be seen from Table XVIII that many of our results are comparable with those calculated using LFQM in Ref. [6] . However, the newly obtained decay widths for doubly-charmed baryons are typically smaller, while the decay widths for Ξ bb → Σ b and Ξ bc → Σ c are larger.
• It should be mentioned that the factorization might receive sizable corrections in charm quark decays but it is anticipated that the factorization scheme should work well for bottom quark decays.
V. CONCLUSIONS
Since the observation of doubly charmed baryon Ξ ++ cc reported by LHCb, many theoretical investigations have been triggered on the hadron spectroscopy and on the weak decays of the doubly heavy baryons, most of which are based on phenomenological models rooted in QCD. In this work, we have presented a first QCD sum rules analysis of the form factors for the doubly heavy baryon decays into singly heavy baryon. We have included the perturbative contributions and condensation contributions up to dimension 5. We have also estimated the partial contributions from the gluon-gluon condensate, and found that these contributions are negligible. These form factors are then used to study on the semi-leptonic and non-leptonic decays. Future experimental measurements can examine these predictions and test the validity to apply QCDSR to doubly-heavy baryons.
With the advances of new LHCb measurements in future and the under-design experimental facilities, it is anticipated that more theoretical works of analyzing weak decays of doubly-heavy baryons will be conducted. In this direction, we can foresee the following prospects.
• In this study, we have shown that part of the gluon-gluon condensate is small but an analysis with a complete estimate of gluon-gluon condensate is left for future.
• The interpolating currents for baryons are not uniquely determined. An ideal option is to have a largest projection onto the ground state of doubly-heavy baryons and to suppress the contributions from higher resonances and continuum, especially the baryons with negative parity. The dependence on interpolating current and an estimate of the corresponding uncertainties have to be conducted in a systematic way.
• Decay form factors calculated in this work are induced by heavy to light transitions, and the heavy to heavy transition will be studied in future. An plausible framework is the non-relativistic QCD.
• We have investigated the form factors defined by vector and axial-vector currents, while the tensor form factor are necesary to study the flavor-changing neutral current processes in bottom quark decays, like the radiative and the dilepton decay modes.
• We have focused on the final baryons with spin-1/2, while the 1/2 → 3/2 transition needs an independent analysis.
• For non-leptonic decay channels, our estimate only considered the factorizable contributions, while sometimes the non-factorizable ones might be important.
• Our calculation of form factors is conducted at the leading order in the expansion of strong coupling constant. To have a more precise result, it is desirable to have the next-to-leading order corrections in α s and power corrections. Recent analysis of B → γℓν [70, 71] indicates that the power corrections are likely sizable.
• The ordinary QCD sum rules makes use of small-x OPE. In heavy to light transition, there exists a large momentum transfer and it would be advantageous to adopt the light-cone OPE. Thus a light-cone QCDSR study could complement our analysis. 
